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1 Introduction.

In a recent MONTHLY note, Saidak [6], improving on a result of Hayes [1], gave
Chebyshev-type estimates for the number R(y) = R,(y) of representations of
the monic polynomial f(x) € Z[x] of degree d > 1 as a sum of two irreducible
monics g(x) and h(z) € Z[z], with the coefficients of g(x) and h(z) bounded in
absolute value by y.

Here, we do not distinguish the sum g(z)+ h(z) from h(z)+ g(z), and when-
ever we write that a monic polynomial p(x) in Z[z] is “irreducible”, we mean
irreducible over Q. We observe that Saidak’s argument with slight modifications
gives that, for y sufficiently large,

ay’t < R(y) < ey,
where ¢; and cy are constants that depend on the degree and the coefficients
of the polynomial f(z). In this note, we give a proof that the number R(y) is

asymptotic to (2y)?71, i.e.,

. R(y)
1 =
yto (2) 8T

In fact, our approach implies that there is a constant cs depending only on d
such that if y is sufficiently large, then

R(y) = 29)* ' + B, where |E| < c3y? 2 logy.

2 Preliminaries.

For functions 7(y) and s(y), we write r(y) = O(s(y)) if there is a constant C' > 0
such that |r(y)| < Cs(y) for all sufficiently large y. If the constant C' depends on
a value d or on the coefficients and degree of a polynomial f(x), we use instead
Oq4 or Oy, respectively.



First, we state the following lemma which implies that the probability that
a monic polynomial in Z[x] of given degree whose second coefficient is fixed
is reducible is 0 (that is, the density of reducible polynomials with bounded
coefficients approaches 0 as the bound on the coefficients goes to infinity).

Lemma 1. Let d > 1 be an integer and fiz an integer gq—1. For each y > 2,
let v, denote the number of d-tuples of integers (ga—1, ga—2,- - -, 91, go) satisfying
—y<g; <y forie{0,1,...,d— 1} such that the polynomial

2+ ga1x 4 gz + go
is reducible. (So, in particular, r, =0 if y < |ga—1|.) Thenr, = O4(y?~2logy).

In order to prove Lemma 1, we modify an argument of Pélya and Szegd [5,
Pt. VIII, Ch. 5, no. 266], and we use an inequality that is a known consequence
of Landau [2] and simple properties of Mahler measure [3, 4].

The Mahler measure, M(p), of a polynomial p(z) = Z?:o p;jzd in Z[z] is

M(p) = exp ( / Inp(e?™) dt) .

0

Mahler showed that for 0 < j < k, |p;| < (];)M(p) and remarked that M (p) is
multiplicative. Landau showed that 1 < M(p) < (p? +p}_, + -+ p? + p3)=.
From these, we deduce the following inequality which we state as our second
lemma.

Lemma 2. Let g(x) be a polynomial in Z[z] of degree d of the form
9(x) = gaz + gar2 4+ + 13+ g0

such that g(x)=a(x)b(z), where a(x) and b(x) are in Z[x]. Let a(z) take the
form
a(x) = ama™ + apmo12™ "+ -+ ayz + ap.

Then for 0 <1 <m, a; satisfies
m 1
jaul < (l)(g§+g§_1+~--+g?+g§)2-

Proof of Lemma 1. We remind the reader that if g(x) € Z[z] factors in Q[z] as
a product of two polynomials of degree at least 1, then g(z) factors in Z[z] as
a product of two polynomials of degree at least 1. Now, let g(z) € Z[z] be a
reducible, monic polynomial of degree d > 1 such that all of its coefficients are
in absolute value < y and g4_1 is fixed as in the lemma. Then there exist two
monic polynomials a(x) and b(z) € Z[x] of degree > 1 such that g(x) = a(z)b(z).
Let us further take
deg(a) = m >n = deg(b),



where m + n = d. Note that there are at most L%J possibilities for the pair
(m,n). We write a(z) and b(z) in the following forms:

a(x) =™ + a1 2™+ agr + ag

b(x) =z" + b1z L+ 4 byz + bo.

Since the number of monic polynomials we are considering with gg = 0 is
Oa(y?=2), it is sufficient to show that the number of d-tuples

(@m—1,0m—2,..,01,00,bp—1,bp—2,...,b1,bg)

as above with agby # 0 is equal to O4(y¢~2logy).
We consider a(x) which has degree m < d — 1. A similar argument applies
to b(x). For 1 <l <m — 1, Lemma 2 implies

m 1 d—1 1
|au] < <l>(12 +gia gl tgp)E < (L“J>((d“)y2)2 = Cay,
2

where Cy depends only on d. Thus, the number of (d — 4)-tuples
(am72; cee,Qan, bn727 ‘e ;bl)

is Od(ymf2yn72) — Od(yd"‘).

Observe that when we multiply a(z) by b(x), since they are both monic
polynomials, the value the coefficient g4_1 takes will result from the sum a,,, 1+
bn—1. Also recall that gg_; is fixed, so determining a,, 1 also determines b,,_1.
Hence the number of 2-tuples (am—1,bn—1) is O(y).

Since agby = go, we have 1 < |agby| < y. Thus, the number of 2-tuples
(ao, bo) is bounded by

4221:4221§4Z%=0(ylogy),

q<y dlq 0<y q<y <y
dlq

where the 4 appears above since each of ag and by may be either positive or
negative. Combining this estimate with the above, the lemma follows. O

Remark. If we remove the condition in Lemma 1 that g4_; is fixed, then
Ty = O4(y?~'logy). This is a direct consequence of a more general theorem of
van der Waerden [7].

3 Theorem.

Theorem 1. Let f(x) be a monic polynomial in Z[zx] of degree d > 1. The
number R(y) of representations of f(x) as a sum of two irreducible monics g(x)
and h(x) in Z[x], with the coefficients of g(x) and h(x) bounded in absolute value

by y, is asymptotic to (2y)?1.



Proof. Let f(z) be a given monic polynomial in Z[z] of degree d > 1 that takes
the form
2+ fooa o+ fiz S

We are looking for pairs of monic polynomials g(z) and h(z) in Z[z] with co-
efficients bounded in absolute value by y such that f(z) = g(x) + h(z). With-
out loss of generality, let deg(g) > deg(h), and observe that deg(g) = d and
1< deg(h) <d—1.

If y > 14+ max{| fol, |fil,- .-, |fa—1]}, then the total number of pairs of monic
(not necessarily irreducible) polynomials g(x), h(z) is

IS8
]

LIl +1=1D) = Q"' + 0" ?) ~ (2y)* .

0t=0

~
|

We claim that almost all of these pairs of monic polynomials g(z), h(x) con-
sist of two irreducible polynomials. Thus, R(y) ~ (2y)?~!. We in fact establish

R(y) = 2y)" " + Ou(y*?logy)

by showing that there are O4(y%~2log y) pairs of monic polynomials (g(z), h(x))
where at least one of g(x) or h(x) is reducible. Once a particular g(x) or h(x)
is fixed, it determines the other. We count the ways g(z) might be reducible
separately from the ways h(z) might be reducible.

First, we count the ways g(x) might be reducible. We have that deg(g) = d.
Since h is monic and degh < d — 1, the equation f(z) = g(x) + h(z) implies
that either gg—1 = f4—1 or gs—1 = fq—1 — 1, so in each of these cases, gq_1 is
fixed. Since the coefficients of g(z) are bounded in absolute value by y, we have
met all the conditions for Lemma 1. Therefore we have that there are at most
O4(y*?log y) monic reducible polynomials g(x).

Next, we count the ways that the monic polynomial h(x) might be reducible.
Suppose we have that deg(h) = d— 1. Since the coefficients of h(x) are bounded
in absolute value by y, by our remark at the end of the previous section, we have
at most Og(y%~21ogy) monic reducible polynomials h(x) of degree d —1 > 1. If
deg(h) < d — 1, we note that our remark also implies that the number of ways
h(z) can be reducible is Og(y?~2logy).

Thus,

d—2 T
R(y) = (Z 1w +1- |ft|)> + 04(y*?logy) + Oa(y*logy)

T=01t=0
= ()" + O5(y"7?)) + Ouly’?logy)
= (29)""" + Oa(y**logy),
where we have used that any constant depending only on the coefficients and

degree of f(z) is small compared to logy when y is sufficiently large. The result
follows. O
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